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AUTOMORPHISMS FOR SOME “SYMMETRIC”
MULTIPARAMETER QUANTIZED WEYL ALGEBRAS
AND THEIR LOCALIZATIONS
XIN TANG
To Professor Yingbo Zhang on the occasion of her 70th birthday
Abstract. In this paper, we study the algebra automorphisms
and isomorphisms for a family of “symmetric” multiparameter
quantized Weyl algebras Aq,Λ
n
(K) and some related algebras in the
generic case. First, we compute the Nakayama automorphism for
Aq,Λ
n
(K) and give a necessary and sufficient condition for Aq,Λ
n
(K)
to be Calabi-Yau. We also prove thatAq,Λ
n
(K) is cancellative. Then
we determine the automorphism group for Aq,Λ
n
(K) and its polyno-
mial extension Aq,Λ
n
(K[t]). As an application, we solve the isomor-
phism problem for {Aq,Λ
n
(K)} and {Aq,Λ
n
(K[t])}. Similar results
will be established for the Maltisiniotis multiparameter quantized
Weyl algebra Aq,Γ
n
(K) and its polynomial extension Aq,Γ
n
(K[t]). In
addition, we prove a quantum analogue of the Dixmier conjec-
ture for a simple localization (Aq,Λ
n
(K))Z of A
q,Λ
n
(K). Moreover,
we will completely determine the algebra automorphism group for
(Aq,Λ
n
(K))Z .
Introduction
Ever since it was introduced by Maltisiniotis in [26], the multiparam-
eter quantized Weyl algebra Aq,Γn (K) has been extensively studied in the
literature [2, 14, 17, 12, 20, 32]. When n = 1, Aq,Γn (K) is the rank-one
quantized Weyl algebra Aq1(K). Recall that A
q
1(K) is a K−algebra gen-
erated by x, y subject to the relation xy− qyx = 1, whose prime ideals
of Aq1(K) were classified in [17]. The automorphism group of A
q
1(K)
was completely determined in [2]. There has been further research on
the Maltisiniotis multiparameter quantized Weyl algebras Aq,Γn (K) of
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higher ranks. For instance, Rigal determined the prime spectrum and
the automorphism group for Aq,Γn (K) in the generic case [32]. Later
on, Rigal’s result has been improved by Goodearl and Hartwig in [18],
using a result due to Jordan [20] that Aq,Γn (K) has a simple localiza-
tion when none of qi is a root of unity. As an application, they have
further solved the isomorphism problem for the family of Maltsiniotis
multiparameter quantized Weyl algebras {Aq,Γn (K)}.
Another family of multiparameter quantized Weyl algebras Aq,Λn (K)
with symmetric relations has been investigated in the literature [1]. We
will refer to this family of algebras as the multiparameter quantized
Weyl algebras of “symmetric type” or “symmetric” multiparameter
quantized Weyl algebras. When n = 1, the multiparameter quantized
Weyl algebraAq,Λn (K) is also isomorphic to the rank-one quantized Weyl
algebra Aq1(K). Note that A
q,Λ
n (K) and A
q,Γ
n (K) are closely related in
many aspects. In particular, it was proved in [20, 1] that Aq,Λn (K)
and Aq,Γn (K) have isomorphic simple localizations if none of the major
parameters q1, · · · , qn is a root of unity. The prime ideals of A
q,Λ
n (K)
were classified in [1] in the generic case. When λij = 1, the algebra
Aq,Λn (K) is isomorphic to the tensor product A
q1
1 (K)K ⊗ · · · ⊗K A
qn
1 (K),
whose automorphism group has recently been settled in the works [8, 9]
for qi 6= 1, using the methods of discriminants and Mod p.
Since Aq,Λn (K) can be presented as an iterated skew polynomial al-
gebra, Aq,Λn (K) is a twisted (or skew) Calabi-Yau algebra by the result
in [25]. Thus, it is of interest to further determine when Aq,Λn (K) is in-
deed Calabi-Yau [15]. We will compute the Nakayama automorphism
for Aq,Λn (K) using the methods as developed in [25, 19] and establish a
necessary and sufficient condition for Aq,Λn (K) to be a Calabi-Yau alge-
bra. We will also prove that Aq,Λn (K) is universally cancellative when
none of qi is a root of unity in the sense of [6]. Similar results will be es-
tablished for the Maltisiniotis multiparameter quantized Weyl algebra
Aq,Γn (K).
The algebra Aq,Λn (K) also fits into the class of generalized Wey al-
gebras [4]. The isomorphism problem for some rank-one generalized
Weyl algebras has been studied in [5, 31]. In general, it would be inter-
esting to determine the automorphism group for Aq,Λn (K) and obtain
an isomorphism classification for the family {Aq,Λn (K)}. One of the
main objectives of this paper is to completely determine the algebra
automorphism group for Aq,Λn (K) and solve the isomorphism problem
in the case where none of q1, · · · , qn is a root of unity. We will use the
fact that Aq,Λn (K) has a simple localization (A
q,Λ
n (K))Z with respect to
the submonoid Z of Aq,Λn (K) generated by some normal elements. We
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will also study the automorphisms and solve the isomorphism problem
for the polynomial extensions {Aq,Λn (K[t])} and {A
q,Γ
n (K[t])}. Since we
don’t put any conditions on the parameters λij and γij, we are not able
to employ the method used in [9], due to the lack of information on the
discriminants in the root of unity case, despite the recent progress in
[10, 13, 24, 28]. We will follow the approach used [32] and [18] in the
non-root of unity case.
When q = 1 and n = 1, both Aq,Λn (K) and A
q,Γ
n (K) are indeed iso-
morphic to the classical first Weyl algebra A1(K), which is generated
by x, y subject to the relation xy − yx = 1. The automorphism group
of A1(K) was first determined by Dixmier in [11], where Dixmier also
asked the question whether each K−algebra endomorphism of the n−th
Weyl algebra An(K) is an algebra automorphism when the base field K
is of zero characteristic. Later on, Dixmier’s question has been referred
to as the Dixmier conjecture. The Dixmier conjecture has been proved
to be stably equivalent to the Jacobian conjecture [21, 7, 34]. There
have been several works studying a quantum analogue of the Dixmier
conjecture for some quantum algebras [3, 30, 22, 23, 33]. In particular,
it has recently been proved in [23] that each K−algebra endomorphism
of a simple localization of Aq1(K)K ⊗ · · · ⊗K A
q
1(K) is indeed an algebra
automorphism when q is not a root of unity. It would be of great in-
terest to establish such a quantum analogue for the simple localization
(Aq,Λn (K))Z in the generic case. Another main objective of this paper is
to address such a problem. We will prove that each K−algebra endo-
morphism of (Aq,Λn (K))Z is indeed an algebra automorphism under the
condition that the parameters qi are independent. We will be able to
determine the K−algebra automorphism group for (Aq,Λn (K))Z in this
case.
The paper is organized as follows. In Section 1, we recall the defi-
nition of Aq,Λn (K) and establish some of its basic properties. Then we
determine the height-one prime ideals, the normal elements and the
center of Aq,Λn (K). As an application, we prove that A
q,Λ
n (K) is univer-
sally cancellative. We also compute the Nakayama automorphism of
Aq,Λn (K). Similar results will be established for A
q,Γ
n (K) as well. In Sec-
tion 2, we completely determine the automorphism group for Aq,Λn (K)
and solve the isomorphism problem. We also study the automorphism
group and the isomorphism problem for Aq,Λn (K[t]) and A
q,Γ
n (K[t]). In
Section 3, we prove a quantum analogue of the Dixmier conjecture for
(Aq,Λn (K))Z and describe its automorphism group.
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1. Multiparameter Quantized Weyl Algebras of
“Symmetric Type”
In this section, we first recall the definitions of the Maltisiniotis mul-
tiparameter quantized Weyl algebra Aq,Γn (K) and the “symmetric” mul-
tiparameter quantized Weyl algebra Aq,Λn (K). Then we will establish
some basic properties for Aq,Λn (K). In particular, we will determine all
the height-one prime ideals of Aq,Λn (K), and describe the normal ele-
ments and the center for Aq,Λn (K) in the case where none of qi is a root
of unity. As an application, we show that Aq,Λn (K) is universally can-
cellative. We will also verify that Aq,Λn (K) is a twisted Calabi-Yau al-
gebra, and compute its Nakayama automorphism, and determine when
Aq,Λn (K) is a Calabi-Yau algebra. Similar results will be established
for the Maltsiniotis multiparameter quantized Weyl algebra Aq,Γn (K) as
well.
Let K denote a field and n be any positive integer and set q =
(q1, · · · , qn) with qi ∈ K
∗ for i = 1, · · · , n. Let Γ = (γij) be a multi-
plicatively skew-symmetric n × n matrix with γij ∈ K
∗. Recall that
the Maltisiniotis multiparameter quantized Weyl algebra Aq,Γn (K) is de-
fined to be a K−algebra generated by x1, y1, · · · , xn, yn subject to the
following relations:
yiyj = γijyjyi, ∀i, j ∈ {1, 2, · · · , n};
xixj = qiγijxjxi, ∀1 ≤ i < j ≤ n;
xiyj = γjiyjxi, ∀1 ≤ i < j ≤ n;
xiyj = qiγjiyjxi, ∀1 ≤ j < i ≤ n;
xiyi − qiyixi = 1 +
i−1∑
k=1
(qk − 1)ykxk, i = 1, · · · , n.
Now we recall the definition of the so-called alternative (or “sym-
metric”) multiparameter quantized Weyl algebra Aq,Λn (K) from [1].
Definition 1.1. Let q = (q1, · · · , qn) with qi ∈ K
∗ and Λ = (λij)1≤i,j≤n
be a square matrix in Mn(K
∗) with λij = λ
−1
ji and λii = 1. The
multiparameter quantized Weyl algebra Aq,Λn (K) of “symmetric type”
is defined to be a K−algebra generated by x1, y1, · · · , xn, yn subject to
the relations:
xixj = λijxjxi, yjyi = λjiyiyj, ∀1 ≤ i < j ≤ n;
xiyj = λjiyjxi, xjyi = λijyixj , ∀1 ≤ i < j ≤ n;
xiyi − qiyixi = 1, ∀1 ≤ i ≤ n.
✷
“SYMMETRIC” MULTIPARAMETER QUANTIZED WEYL ALGEBRAS 5
As we can see, the algebra Aq,Λn (K) has more symmetric relations
compared with the Maltisiniotis multiparameter quantized Weyl alge-
bra Aq,Γn (K). Next we recall a few well-known results for A
q,Λ
n (K). First
of all, we have the following proposition.
Proposition 1.1. The algebra Aq,Λn (K) is a Noetherian domain with
a Gelfand-Kirillov dimension of 2n. Indeed, it has a K−basis given as
follows:
B = {ya11 x
b1
1 · · · y
an
n x
bn
n |a1, b1, · · · , an, bn ∈ Z≥0}.
Proof: From the definition of Aq,Λn (K), it is easy to see that A
q,Λ
n (K)
can be presented as an iterated skew polynomial algebra as follows:
Aq,Λn (K) = K[y1][x1; τ2, δ2][y2; τ3, τ4, δ4] · · · [yn; τ2n−1, δ2n−1][xn; τ2n, δ2n].
As a result, Aq,Λn (K) is a (both left and right) Noetherian domain
and Aq,Λn (K) has a Gelfand-Kirillov dimension of 2n. It also has the
K−basis as stated. ✷
Let D be any ring and σ = (σ1, · · · , σn) be a set of commuting au-
tomorphisms of D and a = (a1, · · · , an) be a set of (non-zero) elements
in the center of D such that σi(aj) = aj for i 6= j. The study of the
generalized Weyl algebra A = D(σ, a) of degree n over the base ring
D was initiated by Bavula. For the detailed definition of generalized
Weyl algebras and their properties, we refer the readers to [4] and the
references therein. Next, we show that Aq,Λn (K) can be realized as a
generalized Weyl algebra.
For i = 1, · · · , n, let us set zi = xiyi − yixi. It is easy to verify that
zi = 1 + (qi − 1)yixi = q
−1
i (1 + (qi − 1)xiyi)
and
zjyi = yizj if i 6= j, zjyj = qjyjzj;
zjxi = xizj if i 6= j, zjxj = q
−1
j xjzj;
zizj = zjzi.
In particular, each zi is a normal element of A
q,Λ
n (K) in the sense that
ziA
q,Λ
n (K) = A
q,Λ
n (K)zi for i = 1, · · · , n.
Proposition 1.2. The algebra Aq,Λn (K) can be presented as a general-
ized Weyl algebra of degree n. As a result, Aq,Λn (K) has a K−basis B
consisting of elements which are monomials in xi, yi, zi given as follows:
B = {za11 · · · z
an
n x
b1
1 · · ·x
bn
n , z
a1
1 · · · z
an
n y
c1
1 · · · y
cn
n | ai, bi, ci ∈ Z≥0}.
Proof: We can set the base ring as D = K[z1, · · · , zn], which is
the polynomial K−algebra in z1, · · · , zn. In addition, for i = 1, · · · , n,
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we can choose ai =
zi−1
qi−1
and define σi by σi(zj) = q
δij
i zj for j =
1, · · · , n. Now it is straightforward to check that Aq,Λn (K) = D(σ, a) is
a generalized Weyl algebra of degree n over the base ring D. By a basic
property of the generalized Weyl algebras [4], we can see that Aq,Λn (K)
has the desired K−basis. ✷
Let Z denote the submonoid of Aq,Λn (K) generated by the normal
elements z1, · · · , zn. Obviously, Z is an Ore set. Thus we can localize
Aq,Λn (K) with respect to Z. Let (A
q,Λ
n (K))Z denote the localization of
Aq,Λn (K) with respect to Z. Similarly, one can set z
′
i = xiyi − yixi in
Aq,Γn (K) for i = 1, · · · , n and denote by Z
′ the submonoid of Aq,Γn (K)
generated by z′1, · · · , z
′
n. The following result has been established in
[1].
Theorem 1.1. If none of qi is a root of unity, then the localization
(AQ,Λn,K )Z is a simple algebra.
Proof: Note that it has been proved in [1] that the localization
(Aq,Λn (K))Z of A
q,Λ
n (K) is isomorphic to the corresponding localization
(Aq,Γn (K))Z′ of the Maltsiniotis quantized Weyl algebra A
q,Γ
n (K). By
Theorem 3.2 in [20], the localization (Aq,Γn (K))Z′ is a simple algebra
when none of qi is a root of unity. Thus, the result follows. ✷
The prime ideals of the “symmetric” multiparameter quantized Weyl
algebraAq,Λn (K) were completely determined by Akhavizadgan and Jor-
dan in [1] under certain conditions on the parameters qi and λij in the
case where K is algebraically closed. However, these conditions are only
needed for describing the complete prime spectrum of Aq,Λn (K). As we
can see, one can still obtain a complete classification of the height-one
prime ideals for the algebra Aq,Λn (K) under the weaker condition that
none of qi is a root of unity and K is any field.
Theorem 1.2. If none of qi is a root of unity, then the height-one
prime ideals of Aq,Λn (K) are exactly given as follows:
{(z1), (z2), · · · , (zn)}.
Proof: First of all, by Lemma 3.2 in [1], each two-sided ideal (zi)
of Aq,Λn (K) generated by the normal element zi is a completely prime
ideal. Note that the proof of Lemma 3.2 in [1] does not need the
extra assumption that K is an algebraically closed field. In addition,
by Corollary 4.1.12 in [27], the height of the prime ideal (zi) is at
most one for i = 1, · · · , n. Since Aq,Λn (K) is a domain, the zero ideal
(0) is a prime ideal of Aq,Λn (K). Thus, the height of (zi) is indeed 1 for
i = 1, · · · , n.
Since none of the parameters qi is a root of unity, the localization
(Aq,Λn (K))Z is a simple algebra. Thus each non-zero prime ideal P
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of Aq,Λn (K) has to meet with the Ore set Z. Suppose that we have
za11 · · · z
an
n ∈ P . Thus we have the inclusion: (z
a1
1 · · · z
an
n ) ⊆ P . Since
each zi is a normal element, we have that zj ∈ P for some j. As a result,
we have the inclusion: (zj) ⊆ P for some j. If P is of height one, then
we have that P = (zj) for some j. Therefore, we have completed the
proof. ✷
Corollary 1.1. If none of qi is a root of unity. Then the algebra
Aq,Λn (K) has a trivial center K. And the set of all normal elements of
Aq,Λn (K) is given as follows:
N = {azl11 · · · z
ln
n | l1, · · · , ln ≥ 0, a ∈ K}.
Proof: First of all, it is easy to check that each element azi11 · · · z
in
n
in the set N as given above is indeed a normal element for the alge-
bra Aq,Λn (K). Conversely, let w 6= 0 be a normal element of A
q,Λ
n (K).
Then the ideal (w) of Aq,Λn (K) generated by the normal element w is
a non-zero two-sided ideal of Aq,Λn (K). Thus the localization (w)Z of
the ideal (w) with respect to the Ore set Z is a non-zero two-sided
ideal of the localization (Aq,Λn (K))Z . Since the localization (A
q,Λ
n (K))Z
is a simple algebra when none of qi is a root of unity, we have that
(w)Z = (A
q,Λ
n (K))Z . Thus we have that 1 ∈ (w)Z , which implies
that w′wzl11 · · · z
ln
n = 1 for some w
′ ∈ Aq,Λn (K). So w is invertible in
the localization (Aq,Λn (K))Z . Note that the only invertible elements
of (Aq,Λn (K))Z are non-zero scalar multiples of the products of integer
powers of the elements zi. Since w ∈ A
q,Λ
n (K), we further have that
w = azl11 · · · z
ln
n for some a ∈ K
∗ and l1, · · · , ln ∈ Z≥0.
Let c be in the center of Aq,Λn (K). Since any central element of
Aq,Λn (K) is also a normal element of A
q,Λ
n (K). Thus c = az
l1
1 · · · z
ln
n for
some a ∈ K∗ and l1, · · · , ln ∈ Z≥0. Since c is in the center, we have
cyi = yic
for i = 1, · · · , n. Note that
cyi = (az
l1
1 · · · z
ln
n )yi = q
li
i yi(az
l1
1 · · · z
ln
n ) = q
li
i yic
for i = 1, · · · , n. Thus qlii = 1 for i = 1, · · · , n. Since qi is not a root of
unity, we have li = 0 for i = 1, · · · , n. Thus c = a ∈ K
∗. So the center
of Aq,Λn (K) is the base field K. ✷
The study of Zariski cancellation problem for noncommutative alge-
bras has recently been initiated in the work of Bell and Zhang. We
first recall a definition on the cancellation property from [6].
Definition 1.2. Let A be a K−algebra.
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(1) We call A cancellative if A[t] ∼= B[t] for some K−algebra B im-
plies that A ∼= B.
(2) We call A strongly cancellative if, for any d ≥ 1, the isomor-
phism A[t1, · · · , td] ∼= B[t1, · · · , td] for some K−algebra B im-
plies that A ∼= B.
(3) We call A universally cancellative if, for any finitely generated
commutative K−algebra and domain R such that R/I = K for
some ideal I ⊂ R and any K−algebra B, A⊗R ∼= B⊗R implies
that A ∼= B.
Note that if an algebraA is universally cancellative, then it is strongly
cancellative; and if an algebra A is strongly cancellative, then it is can-
cellative.
Theorem 1.3. If none of qi is a root of unity, then the algebra A
q,Λ
n (K)
is universally cancellative. As a result, Aq,Λn (K) is strongly cancellative
and cancellative.
Proof: If none of qi is a root of unity, then the algebra A
q,Λ
n (K)
has a trivial center K. Thus Aq,Λn (K) is universally cancellative by
Proposition 1.3 in [6]. As a result, the algebra Aq,Λn (K) is strongly
cancellative and cancellative ✷
Similarly, we have the following result concerning the cancellation
property for the Maltisiniotis multiparameter quantized Weyl algebra
Aq,Γn (K).
Theorem 1.4. If none of qi is a root of unity, the Maltisiniotis mul-
tiparameter quantized Weyl algebra Aq,Γn (K) is universally cancellative;
and thus it is strongly cancellative and cancellative.
Proof: It can be verified in a similar fashion that the center of the
Maltisiniotis multiparameter quantum Weyl algebra Aq,Γn (K) is also K
when none of the parameters qi is a root of unity. Using Proposition
1.3 in [6], we know that the algebra Aq,Γn (K) is universally cancellative.
As a result, Aq,Γn (K) is strongly cancellative and cancellative. ✷
Recall from [25, 29] that a K−algebra A is called µ−twisted (or skew)
Calabi-Yau of dimension d, where µ is a K−algebra automorphism of
A and d ∈ Z≥0, provided that
(1) A is homologically smooth in the sense that as a module over
Ae : = A⊗KA
op, A has a finitely generated projective resolution
of finite length.
(2) ExtiAe(A,A
e) ∼= 0 orAµ if i = d.
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When the above two conditions hold, the automorphism µ is called the
Nakayama automorphism of A. In general, the Nakayama automor-
phism µ of an algebra A is unique up to an inner automorphism of A.
An algebra A is called Calabi-Yau (or CY, for short) [15] if A is twisted
Calabi-Yau and the Nakayama automorphism µA of A is inner .
It has been proved that any Ore extension (or skew polynomial alge-
bra) E = A[x; σ, δ] is a twisted Calabi-Yau algebra of dimension d+ 1
if A is a twisted Calabi-Yau algebra of dimension d in [25], where a
formula for computing the Nakayama automorphism µ of E is also es-
tablished. It follows immediately that any iterated Ore extension (or
iterated skew polynomial algebra) is a twisted Calabi-Yau algebra. The
Nakayama automorphisms of iterated Ore extensions (or iterated skew
polynomial algebras) have been further studied in [19], where a formula
of computing the Nakayama automorphism for any reversible, diago-
nalized iterated Ore extension is developed. In particular, it is proved
in [19] that the Nakayama automorphism of any symmetric CGL ex-
tension is an automorphism defined by the conjugation of a normal ele-
ment. Since Aq,Λn (K) is an iterated skew polynomial algebra, A
q,Λ
n (K) is
indeed a twisted Calabi-Yau algebra. We next compute the Nakayama
automorphism for Aq,Λn (K) and provide a necessary-sufficient condition
for Aq,Λn (K) to be a Calabi-Yau algebra. In addition, we will iden-
tify a normal element that defines the Nakayama automorphism µ of
Aq,Λn (K).
Theorem 1.5. The “symmetric” multiparameter quantized Weyl alge-
bra Aq,Λn (K) is a twisted Calabi-Yau algebra. The Nakayama automor-
phism µ of Aq,Λn (K) is given as follows:
µ(xi) = qixi, µ(yi) = q
−1
i yi
for i = 1, · · · , n. As a result, the algebra Aq,Λn (K) is a Calabi-Yau
algebra if and only if qi = 1 for i = 1, · · · , n. Moreover, the Nakayama
automorphism µ of Aq,Λn (K) is the automorphism of A
q,Λ
n (K) defined by
the conjugation of z = z1z2 · · · zn. That is,
µ(xi) = z
−1xiz, µ(yi) = z
−1yiz
for i = 1, · · · , n.
Proof: We prove this statement using induction on the index n. For
simplicity, we will sometimes denote the algebra Aq,Λn (K) by A instead.
When n = 1, we have that A = Aq11 (K), the rank-one quantized Weyl
algebra, which is a K−algebra generated by x1 and y1 subject to the
only relation: x1y1−q1y1x1 = 1. In this case, we can present the algebra
A as an iterated skew polynomial algebra in two different ways. First
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of all, we have that
A = K[y1][x1; σ1, δ1]
where σ1(y1) = q1y1 and δ1(y1) = 1. Applying Theorem 3.3 in [25],
we have that A is a twisted Calabi-Yau algebra and its Nakayama
automorphism µ is given as follows:
µ(y1) = q
−1
1 y1, µ(x1) = ax1 + b
for some invertible element a ∈ K∗ and b in K[y1]. In addition, one can
also present the algebra A as an iterated skew polynomial algebra as
follows:
A = K[x1][y1; σ
′
1, δ
′
1]
where σ′1(x1) = q
−1
1 x1 and δ
′
1(x1) = −q
−1
1 . Thus, A is a twisted Calabi-
Yau algebra with its Nakayama automorphism µ defined by:
µ(x1) = q1x1, µ(y1) = cy1 + d
for some invertible element c ∈ K∗ and d in K[x1]. Since the Nakayama
automorphism of A is unique up to an inner automorphism of A and
the set of invertible elements in A is the set K∗, we have that b = d = 0
and a = q1 and c = q
−1
1 .
Suppose the statement is true for the subalgebra B of Aq,Λn (K) gener-
ated by x1, · · · , xn−1, y1, · · · , yn−1. That is, the algebra B is a twisted
Calabi-Yau algebra with its Nakayama automorphism µ defined as fol-
lows:
µ(xi) = qixi, µ(yi) = q
−1
i yi
for i = 1, · · · , n− 1.
Next we will present Aq,Λn (K) as an iterated skew polynomial algebra
over the base algebra B in two ways. We will denote the Nakayama
automorphism ofAq,Λn (K) by µ. First of all, we can have thatA
q,Λ
n (K) =
B[yn; σ1, δ1][xn; σ2, δ2] with
σ1(xi) = λinxi, σ1(yi) = λniyi, δ1(xi) = δ1(yi) = 0
for i = 1, · · · , n− 1 and
σ2(yn) = qnyn, δ2(yn) = 1
and
σ2(xi) = λnixi, σ2(yi) = λinyi, δ2(xi) = δ2(yi) = 0
for i = 1, · · · , n− 1. Since δ1 = 0, by Theorem 3.2 and Remark 3.4
in [25], the Nakayama automorphism µ of Aq,Λn (K) is given as follow:
µ(xi) = λ
−1
ni λ
−1
in qixi = qixi, µ(yi) = λ
−1
in λ
−1
ni q
−1
i yi = q
−1
i yi
for i = 1, · · · , n− 1 and
µ(yn) = aq
−1
n yn, µ(xn) = cxn + d
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for some a, c ∈ K∗ and d ∈ B[yn; σ1, δ1]. Second of all, we can have
that Aq,Λn (K) = B[xn; σ
′
1, δ
′
1][yn; σ
′
2, δ
′
2] with
σ′1(xi) = λnixi, σ1(yi) = λinyi, δ
′
1(xi) = δ
′
1(yi) = 0
for i = 1, · · · , n− 1 and
σ′2(xn) = q
−1
n xn, δ
′
2(xn) = −q
−1
n
and
σ2(xi) = λinxi, σ2(yi) = λniyi, δ2(xi) = δ2(yi) = 0
for i = 1, · · · , n − 1. Therefore, the Nakayama automorphism of
Aq,Λn (K) is given as follows:
µ(xi) = λ
−1
in λ
−1
ni qixi = qixi, µ(yi) = λ
−1
ni λ
−1
in q
−1
i yi = q
−1
i yi
for i = 1, · · · , n− 1 and
µ(xn) = a
′qnxn, µ(yn) = c
′yn + d
′
for some a′, c′ ∈ K∗ and d′ ∈ B[xn; σ
′
1, δ
′
1]. Note that the subalgebra
B[yn; σ1, δ1] of A
q,Λ
n (K) can also be constructed as an iterated skew
polynomial algebra from the base field K as follows:
B[yn; σ1, δ1] = K[yn][x1; σ
′′′
2 , δ
′′′
2 ][y1; σ
′′′
3 , δ
′′′
3 ] · · · [yn−1; σ
′′′
2n−1, δ
′′′
2n−1].
Using Theorem 3.2 in [25] repeatedly, we have µ(yn) = q
−1
n yn + e for
some e ∈ B[yn; σ1, δ1]. Similarly, we can prove that µ(xn) = qnxn + f
for some f ∈ B[xn; σ
′
1, δ
′
1]. Comparing the various expressions of the
Nakayama automorphism µ for the algebra Aq,Λn (K), we have that d =
d′ = e = f = 0 and a′qn = c = qn and c
′ = aq−1n = q
−1
n . Thus the
Nakayama automorphism µ of Aq,Λn (K) is given as follows:
µ(xi) = qixi, µ(yi) = q
−1
i yi
for i = 1, · · · , n. Therefore, Aq,Λn (K) is Calabi-Yau if and only if qi = 1
for i = 1, · · · , n.
It is straightforward to check that µ is indeed defined by the conju-
gation of z = z1 · · · zn. So we have completed the proof. ✷
We can determine the Nakayama automorphism µ for the multi-
parameter Maltsiniotis quantized Weyl algebra Aq,Γn (K) in a similar
fashion. In particular, we have the following result.
Theorem 1.6. The Maltsiniotis multiparameter quantized algebra Aq,Γn (K)
is a twisted Calabi-Yau algebra with a Nakayama automorphism µ de-
fined as follows:
µ(xi) = q
n+1−i
i xi, µ(yi) = q
−n−1+i
i yi
for i = 1, · · · , n. As a result, the algebra Aq,Γn (K) is a Calabi-Yau
algebra if and only if each qi is an (n + 1 − i)-th root of unity. In
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particular, the Nakayama automorphism µ of Aq,Γn (K) is the automor-
phism of Aq,Γn (K) defined by the conjugation of the normal element
z = (x1y1 − y1x1) · · · (xnyn − ynxn) as follows:
µ(xi) = z
−1xiz, µ(yi) = z
−1yiz
for i = 1, · · · , n.
Proof: The proof is similar to the one for Theorem 1.5, and we
will not repeat the details here. ✷
Remark 1.1. The Nakayama automorphism µ of Aq,Λn (K) (or A
q,Γ
n (K))
is completely determined by the parameters q1, · · · , qn, and it is inde-
pendent of the rest parameters λij (or γij).
Remark 1.2. One can also present the algebra Aq,Λn (K) (or A
q,Γ
n (K))
as a reversible, diagonalized iterated Ore extension and then apply the
formula as developed in [19] to compute the Nakayama automorphism
of Aq,Λn (K) (or A
q,Γ
n (K)). Instead, we have closely followed the original
idea as established in [25] for the purpose of providing more details.
✷
2. Automorphisms and Isomorphisms for “Symmetric”
Quantized Weyl Algebras
In this section, we determine the automorphism groups for Aq,Λn (K)
and Aq,Λn (K[t]) and classify the algebras A
q,Λ
n (K) and A
q,Λ
n (K[t]) up to
algebra isomorphisms in the case where none of q1, · · · , qn is a root of
unity. Note that we will not put any condition on the rest parameters
λij. We have some similar results on the automorphisms and isomor-
phisms for Aq,Γn (K[t]).
First of all, we establish a useful lemma, which is similar to the ones
used in [32] and [16]. We will further set z0 = 1.
Lemma 2.1. For any 1 ≤ i ≤ n, let a, b ∈ Aq,Λn (K)\K such that
ab = a0z0 +
n∑
j=1
αjzj
with αj ∈ K and αi 6= 0. Then there exist λ, µ ∈ K
∗ such that
a = λyi, b = µxi
or
a = λxi, b = µyi.
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Proof: For any 1 ≤ i ≤ n, we can regard the algebra Aq,Λn (K) as a
N−filtered algebra by assigning the degrees to its generators as follows:
deg(xi) = 1 = deg(yi), deg(xj) = deg(yj) = 0
for all j 6= i. Note that the above assignment of degrees is compatible
with the defining relations of Aq,Λn (K), and the degree of any element in
Aq,Λn (K) is defined to be its degree when considered as an element in the
corresponding graded algebra. Since qk 6= 1 for k = 1, · · · , n, we have
that deg(zj) = 0 for j 6= i and deg(zi) = 2. Since ab =
∑n
j=0 αjzj with
αi 6= 0, we have that deg(ab) = 2. Due to the degree consideration, we
have the following three possibilities:
deg(a) = 2, deg(b) = 0;
or
deg(a) = 0, deg(b) = 2;
or
deg(a) = deg(b) = 1.
In the first two cases, we have that a = fx2i + gxiyi + hy
2
i or b =
fx2i + gxiyi+hy
2
i for some elements f, g ∈ A
q,Λ
n (K) whose terms do not
involve any positive powers of xi and yi at all. As a result, we should
have that either b or a is a scalar. This cannot happen. Thus only the
third case is possible. That is, we have
a = fxi + gyi, b = f
′xi + g
′yi
for some f, g, f ′, g′ ∈ Aq,Λn (K) whose terms do not involve any positive
powers of xi and yi. It is easy to see that we have
ff ′ = 0, gg′ = 0.
Suppose that f = 0, then g 6= 0, which implies that g′ = 0. Since
b 6= 0, we have that f ′ 6= 0. So we have
a = gyi, b = f
′xi.
Note that ab is a K−linear combination of z1, · · · , zn, where zj =
xjyj − yjxj for j = 0, · · · , n. Thus we have that both g and f
′ are in
K
∗. Moreover, we have
a = λyi, b = µxi.
If f ′ = 0, then we have that g′ 6= 0. Thus we have that g = 0. So we
have
a = fxi, b = g
′yi.
As a result, we have the following:
a = λxi, b = µyi
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for some λ, µ ∈ K∗. So we have completed the proof. ✷
Lemma 2.2. Let ϕ be a K−algebra automorphism for Aq,Λn (K). Then
for each i = 1, · · · , n, we have that ϕ(zi) = (zj) for some j. In partic-
ular, we have that
ϕ(xi) = αxj, ϕ(yi) = βyj
or
ϕ(xi) = αyj, ϕ(yi) = βxj
for some j and α, β ∈ K∗.
Proof: Since ϕ is a K−algebra automorphism of Aq,Λn (K), it per-
mutes all the height-one prime ideals of Aq,Λn (K). As a result, we have
ϕ((zi)) = (zj)
for some j. Thus ϕ(zi) = fzj for some f ∈ A
q,Λ
n (K). Conversely, we
have that φ−1((zj)) = (zi). Thus ϕ
−1(zj) = gzi for some g ∈ A
q,Λ
n (K).
As a result, we have the following
zi = ϕ
−1(f)gzi
which implies that ϕ−1(f)g = 1. Since the only invertible elements of
Aq,Λn (K) are in K
∗, we have that φ−1(f) ∈ K∗ and g ∈ K∗. Thus we
have that ϕ(zi) = λzj for some λ ∈ K
∗. Since xiyi =
qizi−1
qi−1
, we have
the following
ϕ(xi)ϕ(yi) =
qiλzj − 1
qi − 1
=
qiλ
qi − 1
zj −
1
qi − 1
.
By Lemma 2.1, we have either σ(xi) = αxj and ϕ(yi) = βyj, or
ϕ(xi) = αyj and ϕ(yi) = βxj for some α, β ∈ K
∗ and j ∈ {1, · · · , n}.
✷
Theorem 2.1. Let ϕ ∈ AutK(A
q,Λ
n (K)). Then there exist a permuta-
tion σ of the set {1, · · · , n} and αi ∈ K
∗ for i = 1, · · · , n such that
ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i), qi = qσ(i),
or
ϕ(xi) = αiyσ(i), ϕ(yi) = −q
−1
i α
−1
i xσ(i), qi = q
−1
σ(i).
Proof: Since ϕ is a K−algebra automorphism of Aq,Λn (K), we have
that ϕ(xi) = αxi and ϕ(yi) = βyi or ϕ(xi) = αyj and ϕ(yi) = βxj for
some j ∈ {1, · · · , n} and α, β ∈ K∗. Suppose that ϕ(xi) = αxj , ϕ(yi) =
βyj. Then we have
αβ(xjyj − qiyjxj) = 1, αβ(xjyj − qjyjxj) = αβ.
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As a result, we have that αβ(qj−qi)yjxj = (1−αβ), which implies that
αβ = 1, and qi = qj . So we have that β = α
−1 and qi = qj . Suppose
that ϕ(xi) = αyj and ϕ(yi) = βxj . Then we have the following
αβ(yjxj − qixjyj) = 1, αβ(xjyj − qjyjxj) = αβ.
As a result, we have that αβ(1− qiqj)yjxj = (1+ qiαβ), which implies
that qi = q
−1
j and β = −q
−1
i α
−1. In either case, we can define a
permutation σ of {1, · · · , n} by σ(i) = j. So the result has been proved.
✷
The following two corollaries follow directly from Theorem 2.1 and
we state them here without proofs.
Corollary 2.1. If qi 6= q
±1
j for i 6= j, then AutK(A
q,Λ
n (K))
∼= (K∗)n.
✷
Corollary 2.2. If qi = qj for all i, j, then AutK(A
q,Λ
n (K))
∼= G⋉ (K∗)n
where G is a finite subgroup of AutK(A
q,Λ
n (K)) consisting of the auto-
morphisms Aq,Λn (K) defined by the permutations of {1, · · · , n}, which
are compatible with the defining relations of Aq,Λn (K).
✷
Next we are going to give a more explicit description for the auto-
morphism group of Aq,Λn (K).
Theorem 2.2. Let ϕ : Aq,Λn (K) −→ A
q,Λ
n (K) be a K−algebra automor-
phism of Aq,Λn (K). Then there exist a partition {1, 2, · · · , n} = P1 ∪ P2
and a permutation σ : {1, 2, · · · , n} −→ {1, 2, · · · , n} such that
(1) for any i, j ∈ P1, we have
λij = λσ(i)σ(j), qi = qσ(i), qj = qσ(j).
(2) for i ∈ P1, j ∈ P2, we have
λij = λ
−1
σ(i)σ(j), qi = qσ(i), qj = q
−1
σ(j).
(3) for i, j ∈ P2, we have
λij = λσ(i)σ(j), qi = q
−1
σ(i), qj = q
−1
σ(j).
In particular, the automorphism ϕ is defined as follows:
ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i), ∀i ∈ P1;
ϕ(xj) = αjyσ(j), ϕ(yj) = −q
−1
i α
−1
j xσ(j), ∀j ∈ P2.
Conversely, for any given partition P1 ∪ P2 of {1, · · · , n} and any
permutation σ of {1, 2, · · · , n} satisfying the above conditions, we can
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define a K−algebra automorphism ϕ of Aq,Λn (K) as follows:
ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i), ∀i ∈ P1;
ϕ(xj) = αjyσ(j), ϕ(yj) = −q
−1
j α
−1
j xσ(j), ∀j ∈ P2.
Proof: Let ϕ be a K−algebra automorphism of Aq,Λn (K) and σ be
the corresponding permutation of {1, · · · , n} associated to ϕ. Let us
set
P1 = {i ∈ {1, · · · , n}|ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i)}
and
P2 = {i ∈ {1, · · · , n}|ϕ(xi) = αiyσ(i), ϕ(yi) = −q
−1
i α
−1
i xσ(i)}.
Then P1 ∪ P2 = {1, · · · , n} is a partition of the set {1, 2, · · · , n}.
Let i, j ∈ P1, then we have the following:
qi = qσ(i), qj = qσ(j)
and
ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i)
and
ϕ(xj) = αjxσ(j), ϕ(yj) = α
−1
j yσ(j).
From the definition of Aq,Λn (K), we have the following commuting rela-
tions among the generators xi, xj, yi, and yj:
xixj = λijxjxi, yiyj = λijyjyi,
xiyj = λjiyjxi, yixj = λjixjyi.
Applying the automorphism ϕ to both sides of the above equations, we
will have the following:
xσ(i)xσ(j) = λijxσ(j)xσ(i), yσ(i)yσ(j) = λijyσ(j)yσ(i),
xσ(i)yσ(j) = λjiyσ(j)xσ(i), yσ(i)xσ(j) = λjixσ(j)yσ(i).
By the definition of Aq,Λn (K), we also have the following:
xσ(i)xσ(j) = λσ(i)σ(j)xσ(j)xσ(i), yσ(i)yσ(j) = λσ(i)σ(j)yσ(j)yσ(i),
xσ(i)yσ(j) = λσ(j)σ(i)yσ(j)xσ(i), yσ(i)xσ(j) = λσ(j)σ(i)xσ(j)yσ(i).
Therefore, we have λij = λσ(i)σ(j) and qi = qσ(i) and qj = qσ(j) for any
i, j ∈ P1.
Let i ∈ P1 and j ∈ P2, then we have the following:
qi = qσ(i), qj = q
−1
σ(j)
and
ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i)
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and
ϕ(xj) = αjyσ(j), ϕ(yj) = −q
−1
i α
−1
j xσ(j).
Applying the automorphism ϕ to the following equations:
xixj = λijxjxi, yiyj = λijyjyi,
xiyj = λjiyjxi, yixj = λjixjyi,
we have the following equations:
xσ(i)yσ(j) = λijyσ(j)xσ(i), yσ(i)xσ(j) = λijxσ(j)yσ(i),
xσ(i)xσ(j) = λjixσ(j)xσ(i), yσ(i)yσ(j) = λjiyσ(j)yσ(i).
From the definition of Aq,Λn (K), we also have the following:
xσ(i)yσ(j) = λσ(j)σ(i)yσ(j)xσ(i), yσ(i)xσ(j) = λσ(j)σ(i)xσ(j)yσ(i),
xσ(i)xσ(j) = λσ(i)σ(j)xσ(j)xσ(i), yσ(i)yσ(j) = λσ(i)σ(j)yσ(j)yσ(i).
As a result, we have that λij = λσ(j)σ(i) = λ
−1
σ(i)σ(j) for i ∈ P1 and j ∈ P2.
Let i, j ∈ P2, then we have the following:
qi = q
−1
σ(i), qj = q
−1
σ(j)
and
ϕ(xi) = αiyσ(i), ϕ(yi) = −q
−1
i α
−1
i xσ(i)
and
ϕ(xj) = αjyσ(j), ϕ(yj) = −q
−1
j α
−1
j xσ(j).
Apply the automorphism ϕ to both sides of the following equations:
xixj = λijxjxi, yiyj = λijyjyi,
xiyj = λjiyjxi, yixj = λjixjyi,
and we have the following:
yσ(i)yσ(j) = λijyσ(j)yσ(i), xσ(i)xσ(j) = λijxσ(j)xσ(i),
yσ(i)xσ(j) = λjixσ(j)xσ(i), xσ(i)yσ(j) = λjiyσ(j)xσ(i).
Additionally, we have the following:
yσ(i)yσ(j) = λσ(i)σ(j)yσ(j)yσ(i), xσ(i)xσ(j) = λσ(i)σ(j)xσ(j)xσ(i),
yσ(i)xσ(j) = λσ(j)σ(i)xσ(j)yσ(i), xσ(i)yσ(j) = λσ(j)σ(i)yσ(j)xσ(i).
After comparing these equations, we have that λij = λσ(i)σ(j) for i, j ∈
P2.
Conversely, it is straightforward to verify that a partition P1 ∪P2 of
{1, · · · , n} and a permutation σ of {1, · · · , n} satisfying the conditions
can define an algebra automorphism ϕ of Aq,Λn (K). We will not state
the details here. ✷
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Next, we solve the isomorphism problem for the family of “sym-
metric” multiparameter quantized Weyl algebras. Given two data sets
(n, q,Λ) and (m, q′,Λ′), we can define two “symmetric” multiparameter
quantized Weyl algebras Aq,Λn (K) and A
q′,Λ′
m (K). We have the following
result.
Theorem 2.3. Let Aq,Λn (K) and A
q′,Λ′
m (K) be two “symmetric” multi-
parameter quantized Weyl algebras generated by x1, y1, · · · , xn, yn and
x′1, y
′
1, · · · , x
′
m, y
′
m respectively. Assume that none of the parameters qi
and q′i is a root of unity, then A
q,Λ
n (K) is isomorphic to A
q′,Λ′
m (K) as a
K−algebra if and only if m = n and there exist a partition P1 ∪ P2 of
{1, · · · , n} and a permutation σ of {1, 2, · · · , n} such that
(1) for i, j ∈ P1, we have qi = q
′
σ(i), qj = q
′
σ(j), λij = λ
′
σ(i)σ(j).
(2) for i ∈ P1 and j ∈ P2, we have qi = q
′
σ(i), q
−1
j = q
′
σ(j), λij =
λ′σ(j)σ(i).
(3) for i, j ∈ P2, we have q
−1
i = q
′
σ(i), q
−1
j = q
′
σ(j), λij = λ
′
σ(i)σ(j).
In particular, the corresponding isomorphism ϕ : Aq,Λn (K) −→ A
q′,Λ′
m (K)
is defined as follows:
ϕ(xi) = αix
′
σ(i), ϕ(yi) = α
−1
i y
′
σ(i)
for i ∈ P1 and
ϕ(xi) = αiy
′
σ(i), ϕ(yi) = −q
−1
i α
−1
i x
′
σ(i)
for i ∈ P2.
Proof: First of all, the Gelfand-Kirillov dimension of Aq,Λn (K) is
2n and the Gelfand-Kirillov dimension of Aq
′,Λ′
m (K) is 2m. If A
q,Λ
n (K)
is isomorphic to Aq
′,Λ′
m (K) as a K−algebra, then they have the same
Gelfand-Kirillov dimension. Thus we have m = n. The rest of the
proof is to mimic the ones for Theorem 2.1 and Theorem 2.2 word
in word. We will not repeat the details here. ✷
Let A be any K−algebra. A K−algebra automorphism h of the
polynomial extension A[t] = A⊗K K[t] is said to be triangular if there
are a g ∈ AutK(A) and c ∈ K
∗ and r in the center of A such that
h(w) = ct+ r
and
h(a) = g(a) ∈ A
for any a ∈ A. For more details, we refer the reader to [8].
Denote byAq,Λn (K[t]) = A
q,Λ
n (K)⊗KK[t] andA
q′,Λ′
m (K[t]) = A
q′,Λ′
m (K)⊗K
K[t]. Then we have the following result.
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Theorem 2.4. Let ϕ : Aq,Λn (K[t]) −→ A
q,Λ
n (K[t]) be a K−algebra au-
tomorphism of Aq,Λn (K[t]). Then there exist a partition P1 ∪ P2 of
{1, · · · , n} and a permutation σ of {1, 2, · · · , n} such that
(1) for i, j ∈ P1, we have qi = q
′
σ(i), qj = q
′
σ(j), λij = λ
′
σ(i)σ(j).
(2) for i ∈ P1 and j ∈ P2, we have qi = q
′
σ(i), q
−1
j = q
′
σ(j), λij =
λ′σ(j)σ(i).
(3) for i, j ∈ P2, we have q
−1
i = q
′
σ(i), q
−1
j = q
′
σ(j), λij = λ
′
σ(i)σ(j).
In particular, ϕ is defined as follows:
ϕ(xi) = αixσ(i), ϕ(yi) = α
−1
i yσ(i)
for i ∈ P1 and
ϕ(xi) = αiyσ(i), ϕ(yi) = −q
−1
i α
−1
i xσ(i)
for i ∈ P2 and
ϕ(t) = at + b
for some αi, a ∈ K
∗ and b ∈ K.
Proof: Note that the localization of Aq,Λn (K[t]) with respect to the
Ore set K[t] − {0} is isomorphic to the algebra Aq,Λn (K(t)), which is
a “symmetric” multiparameter quantized Weyl algebra over the base
field K(t). Since none of qi is a root of unity, A
q,Λ
n (K(t)) is a simple
K(t)−algebra. Thus the center of Aq,Λn (K[t]) is K[t]. Since the center
of Aq,Λn (K[t]) is preserved by ϕ, we can restrict ϕ to a K−algebra au-
tomorphism of K[t]. Thus we have ϕ(t) = at + b for some a ∈ K∗ and
b ∈ K.
Let us denote the restriction of ϕ to K[t] by ϕ0. Note that the inverse
of ϕ0 can be extended to a K−algebra ψ of A
q,Λ
n (K[t]) as follows:
ψ(t) = ϕ−10 (t), ψ(w) = w
for any w ∈ Aq,Λn (K). Now the composition ψ◦ϕ is actually aK[t]−algebra
automorphism ofAq,Λn (K[t]). Thus we can extend ψ◦ϕ to aK(t)−algebra
automorphism of Aq,Λn (K(t)) and we still denote the extension by ψ◦ϕ.
By Theorem 2.2, there exist a partition P1 ∪ P2 of {1, · · · , n} and a
permutation σ of {1, 2, · · · , n} such that
ψ ◦ ϕ(xi) = αixσ(i), ψ ◦ ϕ(yi) = α
−1
i yσ(i)
with αi ∈ K(t)
∗ for i ∈ P1 and
ψ ◦ ϕ(xi) = αiyσ(i), ψ ◦ ϕ(yi) = −q
−1
i α
−1
i xσ(i)
with αi ∈ K(t)
∗ for i ∈ P2. Since ψ ◦ ϕ(xi) ∈ A
q,Λ
n (K), we have that
αi ∈ K
∗. Thus, we are done with the proof. ✷
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Theorem 2.5. Any K−algebra automorphism of Aq,Λn (K[t]) is trian-
gular. In particular, we have the following:
AutK(A
q,Λ
n (K)[t]) =
(
AutK(A
q,Λ
n (K)) K
0 K∗
)
.
As a result, if Z ⊂ K, then we have LNDer(Aq,Λn (K)) = {0}, where
LNDer(Aq,Λn (K)) is the set of all locally nilpotent derivations of A
q,Λ
n (K).
Proof: By Theorem 2.5, every K−algebra automorphism ϕ of
Aq,Λn (K[t]) can be restricted to A
q,Λ
n (K) and ϕ(t) = at + b for some
a ∈ K∗ and b ∈ K. Thus ϕ is triangular. As a result, we have the
following:
AutK(A
q,Λ
n (K[t])) =
(
AutK(A
q,Λ
n (K)) K
0 K∗
)
.
Let ∂ be a locally nilpotent derivation of Aq,Λn (K). Since Z ⊂ K, we
can define a K(t)−algebra automorphism ϕ of Aq,Λn (K(t)) as follows:
ϕ(t) = t, ϕ(x) =
∞∑
i=0
ti
i!
∂i(x)
for any x ∈ Aq,Λn (K). If ∂ 6= 0, then ∂(xi) 6= 0 for some i or ∂(yj) 6= 0
for some j. Then we have
ϕ(xi) = xi + t∂(xi) + other terms involving higher powers of t
or
ϕ(yj) = yj + t∂(yj) + other terms involving higher powers of t.
This is a contradiction to the description of the K(t)−automorphisms
of Aq,Λn (K(t)). Therefore, we have ∂ = 0. So we have completed the
proof. ✷
Theorem 2.6. The algebra Aq,Λn (K[t]) is isomorphic to A
q′,Λ′
m (K[t]) if
and only if m = n, and there exist a partition P1 ∪ P2 of {1, · · · , n}
and a permutation σ of {1, 2, · · · , n} such that
(1) for i, j ∈ P1, we have qi = q
′
σ(i), qj = q
′
σ(j), λij = λ
′
σ(i)σ(j).
(2) for i ∈ P1 and j ∈ P2, we have qi = q
′
σ(i), q
−1
j = q
′
σ(j), λij =
λ′σ(j)σ(i).
(3) for i, j ∈ P2, we have q
−1
i = q
′
σ(i), q
−1
j = q
′
σ(j), λij = λ
′
σ(i)σ(j).
In particular, the corresponding isomorphism ϕ : Aq,Λn (K[t]) −→ A
q′,Λ′
m (K[t])
is defined as follows:
ϕ(xi) = αix
′
σ(i), ϕ(yi) = α
−1
i y
′
σ(i)
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for i ∈ P1 and
ϕ(xi) = αiy
′
σ(i), ϕ(yi) = −q
−1
i α
−1
i x
′
σ(i)
for i ∈ P2 and
ϕ(t) = at + b
for some a ∈ K∗ and b ∈ K.
Proof: Note that Aq,Λn (K) is cancellative. Then A
q,Λ
n (K[t]) is isomor-
phic to Aq
′,Λ′
m (K[t]) if and only if A
q,Λ
n (K) is isomorphic to A
q′,Λ′
m (K).
Now the result follows from Theorem 2.3.
✷
Let Aq,Γn (K) and A
q′,Γ
m (K) be two Maltsiniotis multiparameter quan-
tizedWeyl algebras generated by x1, y1, · · · , xn, yn and x
′
1, y
′
1, · · · , x
′
m, y
′
m
respectively. Let us set Aq,Γn (K[t]) = A
q,Γ
n (K)⊗KK[t] and A
q′,Γ′
m (K[t]) =
Aq
′,Γ
m (K) ⊗K K[t]. We have the following result for the automorphism
group of the polynomial extension of the Maltsiniotis multiparameter
quantized Weyl algebra.
Theorem 2.7. Assume that none of qi, i = 1, 2, · · · , n is a root of
unity. Then we have the following results.
• If ϕ is a K−algebra automorphism of Aq,Γn (K[t]), then there ex-
ists a tuple (µ1, · · · , µn, a, b) ∈ (K
∗)n+1 × K such that ϕ(t) =
at + b and ϕ(xi) = µixi, ϕ(yi) = µ
−1
i yi for each 1 ≤ i ≤ n.
• For any a ∈ K∗ and b ∈ K, one can define a K−algebra auto-
morphism ϕa,b of A
q,Γ
n (K[t]) as follows:
ϕa,b(t) = at+ b, ϕa,b(xi) = xi, ϕa,b(yi) = yi
for each 1 ≤ i ≤ n.
• We have that AutK(A
q,Γ
n (K[t]))
∼= (K∗)n ⋊ G where G is the
subgroup of AutK(A
q,Γ
n (K[t])) consisting of these ϕa,b.
Proof: The proof is similar to the one for Theorem 2.4 and we
will not repeat the details here. ✷
Moreover, we have the following theorem.
Theorem 2.8. Any K−algebra automorphism of Aq,Γn (K[t]) is trian-
gular. In particular, we have the following:
AutK(A
q,Γ
n (K[t])) =
(
AutK(A
q,Γ
n (K)) K
0 K∗
)
.
As a result, if Z ⊂ K, then we have LNDer(Aq,Γn (K)) = {0}, where
LNDer(Aq,Γn (K)) is the set of all locally nilpotent derivations of A
q,Γ
n (K).
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Proof: The proof is the same as the one used for Theorem 2.5.
We skip the details. ✷
Next, we solve the isomorphism classification problem for the family
of polynomial extensions {Aq,Λn (K[t])} based on a result due to Good-
earl and Hartwig [18]. For convenience, we will follow the notation
used in [18].
Theorem 2.9. Assume none of q1, · · · , qn and q
′
1, · · · , q
′
m is a root of
unity. Then Aq,Γn (K[t]) is isomorphic to A
q′,Γ′
m (K[t]) as a K−algebra if
and only if
• m = n;
• There exists a sign vector ε ∈ {−1, 1}n such that we have q′i =
qεii , ∀1 ≤ i ≤ n and
γ′ij =


γij if (εi, εj) = (1, 1)
γji if (εi, εj) = (−1, 1)
q−1i γji if (εi, εj) = (1,−1)
qiγij if (εi, εj) = (−1,−1)
∀1 ≤ i ≤ j ≤ n.
If the above conditions are satisfied, then for any µ ∈ (K∗)n and ε ∈
{±1}n and a ∈ K∗ and b ∈ K, one can define a unique K−algebra
isomorphism ϕµ,ε,a,b : A
q,Λ
n (K[t]) −→ A
q′,Γ′
m (K[t]) by
ϕµ,ε,a,b(t) = at+ b
and
ϕµ,ε,a,b(xi) =
{
µix
′
i, εi = 1
µiy
′
i, εi = −1
and
ϕµ,ε,a,b(yi) =
{
λiµ
−1
i y
′
i, εi = 1
−λiµ
−1
i x
′
i, εi = −1
for each i ∈ {1, · · · , n} with λ = λ(ε) ∈ (K∗)n recursively defined as
follows:
λ0 = 1, λi = q
(εi−1)/2λi−1.
Proof: Note that the algebra Aq,Γn (K) is cancellative. Thus we have
that Aq,Γn (K[t])
∼= Aq
′,Γ′
m (K[t]) if and only if A
q,Γ
n (K)
∼= Aq
′,Γ
m (K). Now
the result follows from Theorem 5.1 in [18]. ✷
3. The Quantum Dixmier Conjecture for (Aq,Λn (K))Z
In this section, we prove a quantum analogue of the Dixmier conjec-
ture for the simple localization (Aq,Λn (K))Z of A
q,Λ
n (K) under the condi-
tion that qi11 q
i2
2 · · · q
in
n = 1 implies i1 = i2 = · · · = in = 0. In particular,
we will show that each K−algebra endomorphism of (Aq,Λn (K))Z is an
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algebra automorphism. Furthermore, we will describe the automor-
phism group for (Aq,Λn (K))Z .
Theorem 3.1. Suppose that qi11 q
i2
2 · · · q
in
n = 1 implies i1 = i2 = · · · =
in = 0. Then every K−algebra endomorphism ϕ of (A
q,Λ
n (K))Z is a
K−algebra automorphism.
Proof: Note that any invertible element of (Aq,Λn (K))Z is of the
form αza11 · · · z
an
n , where α ∈ K
∗ and a1, · · · , an ∈ Z. Let ϕ be a
K−algebra endomorphism of (Aq,Λn (K))Z , then ϕ sends invertible el-
ements of (Aq,Λn (K))Z to its invertible elements. Therefore, for i =
1, · · · , n, we have the following
σ(zi) = λiz
ai1
1 · · · z
ain
n
where λi ∈ K
∗ and ai1, · · · , ain ∈ Z. Since yixi =
zi−1
qi−1
, xiyi =
qizi−1
qi−1
and
zixi = q
−1
i xizi, ziyi = qiyizi for i = 1, · · · , n, we have that σ(zi) /∈ K
∗
for i = 1, · · · , n.
Note that we can realize (Aq,Λn (K))Z as a generalized Weyl algebra
over the base algebra K[z±11 , · · · , z
±1
n ] with the automorphisms σi of
K[z±11 , · · · , z
±1
n ] defined by σi(zj) = q
δij
i zj . Thus for i = 1, · · · , n, we
can write the image of xi under ϕ as follows:
σ(xi) =
∑
k
i
f
k
ix
ki1
1 · · ·x
kin
n +
∑
l
i
g
l
iy
li1
1 · · · y
lin
n
where k
i
= (ki1, · · · , k
i
n) ∈ (Z≥0)
n, and l
i
= (li1, · · · , l
i
n) ∈ (Z≥0)
n, and
f
k
i ∈ K[z±11 , · · · , z
±1
n ], and gli ∈ K[z
±1
1 , · · · , z
±1
n ].
Since zixi = q
−1
i xizi, we have that
q
−ai1ki1
1 q
−ai2ki2
2 · · · q
−ainkin
n = q
−1
i
for f
k
i 6= 0 and
q
ai1li1
1 · · · q
ainl
i
n
n = q
−1
i
for g
l
i 6= 0. Since qi11 q
i2
2 · · · q
in
n = 1 implies i1 = · · · = in = 0, we have
that aiik
i
i = 1 for fki 6= 0 and aiil
i
i = −1 for gl 6= 0. Since k
i
∈ (Z≥0)
n
and l
i
∈ (Z≥0)
n, we cannot have both f
k
i 6= 0 for some k
i
and g
l
i 6= 0
for some l
i
spontaneously. Thus for i = 1, · · · , n, we have either
σ(xi) =
∑
k
i
fkix
ki1
1 · · ·x
kin
n
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or
σ(xi) =
∑
l
i
gliy
li1
1 · · · y
lin
n .
Since zjxi = xizj for i 6= j, we have ajik
i
i = 0 or ajil
i
i = 0 for j 6= i.
Thus we have that aji = 0 for j 6= i and aii = ±1. As a result, we have
ϕ(zi) = λizi, or ϕ(zi) = λiz
−1
i
for i = 1, · · · , n.
Suppose that we have
σ(xi) =
∑
k
i
f
k
ix
ki1
1 · · ·x
kin
n .
Since kii ≥ 0, we have that aii = 1. So we can conclude that ϕ(zi) =
λizi. Since zixj = xjzi and ziyj = yjzj for i 6= j, we have that ϕ(xi) =
fixi, and ϕ(yi) = giyi for some fi, gi ∈ K[z
±1
1 , · · · , z
±1
n ]. Since we have
xiyi =
qizi−1
qi−1
, we have the following:
fixigiyi =
λiqizi − 1
qi − 1
.
Thus we have
fixigiyi = fig
′
ixiyi = fig
′
i
qizi − 1
qi − 1
=
λiqizi − 1
qi − 1
for some g′i ∈ K[z
±1
1 , · · · , z
±1
n ]. As a result, we have fig
′
i = 1 and λi = 1.
Note that g′i = σi(gi). Therefore, we have that fi = µiz
bi1
1 · · · z
bin
n and
gi = µ
−1
i q
bii
i z
−bi1
1 · · · z
−bin
n for some µi ∈ K
∗ and bi1, · · · , bin ∈ Z.
Suppose that we have
σ(xi) =
∑
l
i
g
l
iy
li1
1 · · · y
lin
n .
Then we have ajil
i
i = 0 for j 6= i and aiil
i
i = −1. Thus we have aji = 0
for j 6= i. Since lii ∈ Z≥0, we have aii = −1. As a result, we have
ϕ(zi) = λiz
−1
i for some λi ∈ K
∗. Since zjxi = xizj for i 6= j, we have
that ϕ(xi) = giyi and ϕ(yi) = fixi for some fi, gi ∈ K[z
±1
1 , · · · , z
±1
n ].
Once again, since xiyi =
qizi−1
qi−1
, we have following:
giyifixi =
λiqiz
−1
i − 1
qi − 1
.
Since yixi =
zi−1
qi−1
, we have that
giyifixi = gif
′
iyixi = gif
′
i
zi − 1
qi − 1
=
λiqiz
−1
i − 1
qi − 1
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for some f ′i ∈ K[z
±1
1 , · · · , z
±1
n ]. As a result, we have gif
′
iz = −1 and
λi = q
−1
i . Since f
′
i = σ
−1
i (fi), we have that fi = µiz
bi1
1 · · · z
bii
i · · · z
bin
n
and hi = −µ
−1
i q
−bii−1
i z
−bi1
1 · · · z
−bii−1
i · · · z
−bin
n for some µi ∈ K
∗ and
bi1, · · · , bin ∈ Z.
Let ϕ be any K−algebra endomorphism of (Aq,Λn (K))Z , then for each
i = 1, · · · , n, we have either ϕ(zi) = λizi or ϕ(zi) = λiz
−1
i for some
λi ∈ K
∗. We will say that a K−algebra endomorphism ϕ of (Aq,Λn (K))Z
is of positive type if
ϕ(zi) = λizi
for i = 1, · · · , n. Even though ϕ may not be of positive type, ϕ ◦ ϕ
is a K−algebra endomorphism of (Aq,Λn (K))Z of positive type. Next,
we will show that each K−algebra endomorphism ϕ of (Aq,Λn (K))Z of
positive type is an automorphism, which implies that any K−algebra
endomorphism ϕ of (Aq,Λn (K))Z is an automorphism.
Let ϕ be a K−algebra endomorphism of (Aq,Λn (K))Z of positive type,
then for each i = 1, · · · , n, we have the following:
ϕ(xi) = µiz
bi1
1 · · · z
bin
n xi, ϕ(yi) = µ
−1
i q
bii
i z
−bi1
1 · · · z
−bin
n yi, ϕ(zi) = zi
for some µi ∈ K
∗ and bi1, · · · , bin ∈ Z.
Note that qi11 · · · q
in
n = 1 implies that i1 = · · · = in = 0 and
xixj = λijxjxi, xiyj = λjiyjxi, yiyj = λijyjyi
for i 6= j. After applying ϕ to both sides of the above commuting
relations, we can conclude that
ϕ(xi) = µiz
bii
i xi, ϕ(yi) = µ
−1
i q
bii
i z
−bii
i yi, ϕ(zi) = zi
for i = 1, · · · , n. It is obvious that ϕ has an inverse. Thus ϕ is a
K−algebra automorphism of (Aq,Λn (K))Z . So we have proved that every
K−algebra endomorphism of (Aq,Λn (K))Z is an automorphism. ✷
Theorem 3.2. Maintain the condition that qi11 · · · q
in
n = 1 implies i1 =
· · · = in = 0 and let ϕ be a K−algebra automorphism of (A
q,Λ
n (K))Z .
Then there exists a partition P1 ∪ P2 of the set {1, · · · , n} with P1 =
{l1, . . . , lk} and P2 = {lk+1, · · · , kn} such that
(1) For any li ∈ P1 and lj ∈ P2 , we have that
ϕ(xli) = αliz
ai(k+1)
lk+1
· · · zainln z
ci
li
xli
and
ϕ(yli) = βliz
−ai(k+1)
lk+1
· · · z−ainln z
−ci
li
yli
and
ϕ(xlj ) = αljz
bj1
l1
· · · z
bjk
lk
z
cj
lj
ylj
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and
ϕ(yj) = βljz
−bj1
l1
· · · z
−bjk
lk
z
−cj−1
lj
xlj
for some ai(k+1), · · · , ain, bj1, · · · , bjk ∈ Z, and ci, cj ∈ Z, and
αli , βli, αlj , βlj ∈ K
∗ such that
αliβli = q
ci
li
, αljβlj = −q
−cj−1
lj
, q
bji
li
q
aij
lj
= λ2lilj .
(2) For any given partition of P1 ∪ P2 of the set {1, · · · , n} sat-
isfying the condition, let ϕ be a K−linear mapping defined as
above. Then ϕ can be extended to a K−algebra automorphism
of (Aq,Λn (K))Z .
Proof: Let ϕ be any K−algebra automorphism of (Aq,Λn (K))Z . Then
for i = 1, · · · , n, we have either
Case 1: ϕ(xi) = µiz
bi1
1 · · · z
bin
n xi, and ϕ(yi) = µ
−1
i q
bii
i z
−bi1
1 · · · z
−bin
n yi,
and ϕ(zi) = zi; or
Case 2: ϕ(zi) = q
−1
i z
−1
i , and ϕ(xi) = µiz
bi1
1 · · · z
bii
i · · · z
bin
n yi, and
ϕ(yi) = −µ
−1
i q
−bii−1
i z
−bi1
1 · · · z
−bii−1
i · · · z
−bin
n xi.
We can set P1 to be the set consisting of all i ∈ {1, · · · , n} such that
the first case is true and P2 to be the set consisting of all i ∈ {1, · · · , n}
such that the second case is true. It is obvious that P1 and P2 are
disjoint and P1 ∪P2 is a partition of {1, · · · , n}. The rest is verified by
applying the automorphism ϕ to both sides of the following relations:
xixj = λijxjxi, xiyj = λjiyjxi, yiyj = λijyjyi
for any i 6= j.
Conversely, it is straightforward to verify that the mapping ϕ defined
by any given partition P1∪P2 satisfying the condition can be extended
to a K−algebra automorphism of (Aq,Λn (K))Z . ✷
As an immediate consequence of Theorem 3.2, we have the follow-
ing corollary on the automorphism group of (Aq,Λn (K))Z in some special
cases.
Corollary 3.1. Let us further assume that qkii q
kj
j = λ
2
ij implies ki =
kj = 0 for any i 6= j, then we have the following result.
(1) Let ϕ be a K−algebra automorphism ϕ of (Aq,Λn (K))Z . For each
i = 1, · · · , n, we have either
ϕ(xi) = αiz
ci
i xi, ϕ(yi) = βiz
−ci
i yi
for some ci ∈ Z and αi, βi ∈ K
∗ such that αiβi = q
ci
i , or
ϕ(xi) = αiz
ci
i yi, ϕ(yi) = βiz
−ci−1
i xi
for some ci ∈ Z and αi, βi ∈ K
∗ such that αiβi = −q
−ci−1
i .
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(2) Let ϕ be a K−linear mapping defined as above. Then ϕ can be
extended to a K−algebra automorphism of (Aq,Λn (K))Z .
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